It was proved by Thomason that the category of all completely additive complete atomic modal algebras is dually equivalent to the category of all Kripke frames, where a modal algebra is said to be completely additive, if the modal operator ✸ distributes over the join of every subset of the algebra. The main contribution of this paper is to generalize the duality theorem of Thomason. We introduce the notion of κ-additive modal algebra, where κ-additivity denotes the distributivity of ✸ over the join of any set whose cardinality is less than κ, and prove that for any regular cardinal κ, the category of all κ-additive complete atomic modal algebras and the category of all κ-downward directed multi-relational Kripke frames are dually equivalent.
Introduction
It was proved by Thomason ( [7] ) that the category of all completely additive complete atomic modal algebras is dually equivalent to the category of all Kripke frames, where a modal algebra is said to be completely additive, if the modal operator ✸ distributes over the join of every subset of the algebra. The main contribution of this paper is to generalize the duality theorem of Thomason. We introduce the notion of κ-additive modal algebra, where κ-additivity denotes the distributivity of ✸ over the join of any set whose cardinality is less than κ, and prove that for any regular cardinal κ, the category of all κ-additive complete atomic modal algebras and the category of all κ-downward directed multi-relational Kripke frames (see, Definition 4.1) are dually equivalent.
Multi-relational Kripke frame is not Kripke frame for multi-modal logic, but a generalization of Kripke frame for monomodal logic. It have been used as a semantics for deontic logic (see, e.g., [4, 2] ), but can also be used as an adequate semantics for infinitary modal logic. In fact, Kripke semantics is not always enough for a semantics of infinitary modal logic. It is known ( [6, 5] ) that the simple infinitary extension of the standard propositional modal logic K does not include the formula
as its theorem, and therefore, is Kripke incomplete, since the formula (1) is obviously valid in every Kripke frame. On the other hand, Minari ([5] ) introduced the notion of ω-downward directed multi-relational Kripke frames, and showed the completeness of the smallest infinitary modal logic with respect to it. We generalize Minari's idea from ω to every regular cardinal and prove the duality theorem.
As an application of the duality theorem, we prove that for any regular cardinals κ and κ ′ with κ < κ ′ , the inclusion functor from the category of κ ′ -additive complete atomic modal algebras to the category of κ-additive complete atomic modal algebras and that from the category of κ ′ -downward directed multi-relational Kripke frames to the category of κ-downward directed multirelational Kripke frames are not essentially surjective.
Preliminaries
In this section, we fix notation and recall definitions and basic results. For the details, see, e.g., [1, 3] .
Let W be a non-empty set and R a binary relation on W . For any w 1 and w 2 in W , we write w 1 < R w 2 if (w 1 , w 2 ) ∈ R. For any X W , ↑ R X and ↓ R X denote the subsets of W defined by
respectively. If X is a singleton {w}, we write ↑ R w and ↓ R w for ↑ R X and ↓ R X, respectively. If R is a partial order ≦, we write ↑ and ↓ for ↑ ≦ and ↓ ≦ , respectively.
Let f : A → B be a map from a set A to a set B. For any set X A and
respectively. Definition 2.1. A Boolean algebra A is said to be complete, if for any X A, X and X exist in A. Let A and B be complete Boolean algebras. A map f : A → B is called a homomorphism of complete Boolean algebras, if f is a homomorphism of Boolean algebras which satisfies
for any X A. We write CABA for the category whose objects are all complete Boolean algebras and arrows are all homomorphisms of complete Boolean algebras. Definition 2.2. For any homomorphism f : A → B of complete Boolean algebras, f * and f * denote maps from B to A which are defined by
for any b ∈ B, respectively. 
That is, f * and f * are right and left adjoint of f , respectively.
It follows from (2) that f * and f * are order preserving maps and
Definition 2.4. Let A be a Boolean algebra. A non-zero element a ∈ A is called an atom, if, 0 x ≦ a implies x = a. The set of all atoms of A is denoted by A(A). A Boolean algebra A is said to be atomic, if every non-zero element
Proposition 2.5. Let A be a Boolean algebra and 0 = a ∈ A. Then, the following conditions are equivalent:
1. a is an atom.
2.
For any X A, if X ∈ A and a ≦ X then a ≦ x for some x ∈ X. 
For any x and y in
A, if a ≦ x ∨ y then a ≦ x or a ≦ y.
For any
2. for any w ∈ W 1 and u ∈ W 2 , if f (w) < R2 u then there exists v ∈ W 1 such that w < R1 v and f (v) = u.
We write KFr for the category of all Kripke frames.
Theorem 2.8. (Thomason [7] ). For any object A of CABA, define a Kripke frame F (A) by
for any a and b in A(A), and for any arrow f :
for any b ∈ A(B). Conversely, for any object K = W, R of KFr, define a complete atomic Boolean algebra G(K) by
and for any arrow g from
for any X ∈ P(W 2 ). Then, F and G are well-defined contravariant functors and
3 Category CAMA Definition 3.1. An algebra A; ∨, ∧, −, ✸, 0, 1 is called a modal algebra, if its reduct A; ∨, ∧, −, 0, 1 is a Boolean algebra and ✸ is a unary operator which satisfies ✸0 = 0 and ✸x ∨ ✸y = ✸(x ∨ y)
for any x and y in A. A modal algebra A is said to be complete or atomic, if its reduct to Boolean algebra is complete or atomic, respectively. Let A and B be modal algebras. A map f : A → B is called a homomorphism of modal algebras, if f is a homomorphism of Boolean algebras which satisfies
for any x ∈ A. A homomorphism of modal algebras is called a homomorphism of complete modal algebras, if f is a homomorphism of complete Boolean algebras.
Definition 3.2.
A complete modal algebra A is said to be completely additive, if
holds for any X A. Let κ be a cardinal number. A complete modal algebra A is said to be κ-additive, if the equation (4) holds for any X A such that |X| < κ. Definition 3.3. The objects of the category CAMA ∞ are all completely additive complete atomic modal algebras and the arrows of it are all homomorphisms of complete modal algebras between them. Let κ be a cardinal number. The objects of the category CAMA κ are all κ-additive complete atomic modal algebras and the arrows of it are all homomorphisms of complete modal algebras between them. 
Category MRKF
Clearly, W, S is completely downward directed, if and only if S ∈ S. Let κ be a cardinal number. A multi-relational Kripke frame W, S is said to be κ-downward directed, if S ′ S and |S ′ | < κ then there exists R ∈ S which satisfies (5). Let W 1 , S 1 and W 2 , S 2 be multi-relational Kripke frames. A map f : W 1 → W 2 is called a homomorphism of multi-relational Kripke frames, if it satisfies the following two conditions:
1. for any x ∈ W 1 and R 2 ∈ S 2 , there exists R 1 ∈ S 1 such that for any
2. for any x ∈ W 1 and R 1 ∈ S 1 , there exists R 2 ∈ S 2 such that for any u ∈ W 2 f (x) < R2 u ⇒ ∃y ∈ W 1 such that x < R1 y and f (y) = u.
A homomorphism of multi-relational Kripke frames is an isomorphism if it is bijective. Indeed, if f is an isomorphism, its inverse is also a homomorphism of multi-relational Kripke frames.
Definition 4.2. The objects of the category MRKF ∞ are all completely downward directed multi-relational Kripke frames and the arrows of it are all homomorphisms of multi-relational Kripke frames between them. Let κ be a cardinal number. The objects of the category MRKF κ are all κ-downward directed multi-relational Kripke frames and the arrows of it are all homomorphisms of multi-relational Kripke frames between them. 
Functor from CAMA to MRKF
We define a contravariant functor F : CAMA κ → MRKF κ for every regular cardinal κ. For any object A of CAMA κ , a multi-relational Kripke frame F (A) is defined by
where, for any a ∈ A(A) and b ∈ A(B),
and for any arrow f :
for any b ∈ A(B). Below, we show that F is a well-defined contravariant functor.
Proof. It is clear that F (A) is a multi-relational Kripke frame. We show that
Let A be a κ-additive complete atomic modal algebra. For any X A and a ∈ A(A), p(X, a) denotes an element of A defined by
Lemma 5.3. Let A be a κ-additive complete atomic modal algebra, X a subset of A such that |X| < κ, and a ∈ A(A). Then, For any a ′ ∈ A(A),
Proof. For any a ′ ∈ A(A), 
Proof. By Lemma 5.3, all we have to prove is
it is enough to show
Since B is κ-additive
Hence, . We show that
Therefore,
On the other hand,
and, this implies b 2 ≦ f (u) and f (u) ∈ f [X], and therefore,
By (7) and (8),
Hence,
Condition 2 of Definition 4.1: Take any b ∈ A(B) and any Y B such that |Y | < κ. Define X A by
Functor from MRKF to CAMA
We define a contravariant functor G : MRKF κ → CAMA κ for every regular cardinal κ. For any object M = W, S of MRKF κ , a complete atomic modal algebra G(M ) is defined by
where ✸ M is defined by
for any X W , and for any arrow g :
for any X W . Below, we show that G is a well-defined contravariant functor.
Proof. It is clear that P(W ); ∪, ∩, W \ −, ∅ is a complete atomic Boolean algebra. Since ↓ R ∅ = ∅ for any R ∈ S,
Let {X i } i∈I be a subset of P(W ) such that |I| < κ. Since ✸ M is order preserving,
We show the converse. For any w ∈ W ,
Since M is κ-additive, there exists Q ∈ S such that
Thus,
is a homomorphism of complete modal algebras.
Proof. We only show that for any U W 2 ,
All we have to prove is
( ): Take any x ∈ W 1 and suppose
Since g is a homomorphism of multi-relational Kripke frames, for any Q ∈ S 2 , there exists R Q ∈ S 1 such that for any y ∈ W 1
Therefore, for any Q ∈ S 2 , there exists R Q ∈ S 1 and w
Since Q is arbitrary,
( ): Take any x ∈ W 1 . Then,
Since g is a homomorphism of multi-relational Kripke frames, for any R ∈ S 1 , there exists Q R ∈ S 2 such that for any u ∈ W 2 g(x) < QR u ⇒ ∃y ∈ W 1 such that x < R y and g(y) = u.
Therefore, for any R ∈ S 1 , there exist Q R ∈ S 1 , u QR ∈ U , and y ∈ W 1 such that
Since R is arbitrary,
❏

Duality of CAMA and MRKF
In this section, we show that
Proof. Let f : A → B be an arrow of CAMA κ . Then, for any x ∈ A and b ∈ A(B),
is an isomorphism of complete modal algebras.
Proof. It is clear that τ A is an isomorphism of complete Boolean algebras. We show that
for any x ∈ A. What we have to show is
= −a, which contradicts to a ∈ A(A). Hence, x ≦ p(X, a). As A is atomic, there exists b ∈ A(A) such that b ≦ x and b ≦ p(X, a). Then, a < R(X) b by Lemma 5.3, and a ∈ ↓ R(X) {b ∈ A(A) | b ≦ x}.
As X is taken arbitrarily,
Proof. For any M , θ M is well-defined as a map, since
Let M 1 = W 1 , S 1 and M 2 = W 2 , S 2 be objects of MRKF κ , and g : M 1 → M 2 an arrow of MRKF κ . Then, for any w ∈ W 1 ,
Proof. It is clear that θ M is a set-theoretical bijection. We show that it is a homomorphism of multi-relational Kripke frames. By definition of G and F ,
where
Condition 1 of Definition 4.1: Take any w ∈ W and any U ∈ P(W ) such that |U | < κ. For any X ∈ U such that w ∈ R∈S ↓ R X, we can fix one R X ∈ S such that w ∈ ↓ RX X. Since M is κ-downward directed, there exists Q ∈ S such that
We claim that for any w ′ ∈ W ,
Suppose w < Q w ′ . Take any X ∈ U and suppose w ∈ R∈S ↓ R X. Then, w ∈ ↓ RX X. As w < RX w ′ by definition of Q, w ′ ∈ X. Condition 2 of Definition 4.1: Take any w ∈ W and any Q ∈ S. Let
Hence, for any v ∈ W , We can show the duality of CAMA ∞ and MRKF ∞ in the same way. Since MRKF ∞ is equivalent to KFr, our duality theorem generalizes Thomason's duality theorem for CAMA ∞ and KFr.
Application
As an application of the duality theorem, we show that for any regular cardinals κ and κ ′ with κ < κ ′ , the inclusion functor from CAMA κ ′ to CAMA κ and that from MRKF κ ′ to MRKF κ are not essentially surjective, where a functor F from a category C to a category D is said to be essentially surjective, if for any object d of D, there exists an object c of C such that F (c) is isomorphic to d. Suppose |I| < κ, and for any i ∈ I, suppose X i κ and |X i | < κ. Then, | i∈I X i | < κ and
Hence, M is an object of MRKF κ . Therefore, by the duality theorem, G(M ) is an object of CAMA κ . We show that in G(M ),
For any X κ such that |X| < κ, there exists i ∈ κ such that i ∈ X. Hence,
∞ ∈
X κ, |X|<κ ↓ QX i∈κ {i}.
Thus, ∞ ∈ ✸ M i∈κ {i}.
On the other side, for any i ∈ κ, ∞ ∈ ↓ Q {i} {i}.
Therefore, ∞ ∈ X κ, |X|<κ ↓ QX {i}.
Since i is taken arbitrarily ∞ ∈ i∈I X κ, |X|<κ ↓ QX {i}.
Hence, ∞ ∈ i∈κ ✸ M {i}.
❏
Theorem 8.2. Let κ and κ ′ be regular cardinals such that κ < κ ′ . Then, the inclusion functor from CAMA κ ′ to CAMA κ and that from MRKF κ ′ to MRKF κ are not essentially surjective.
Proof. Let M be the multi-relational Kripke frame defined in Proposition 8.1. Then, G(M ) is an object of CAMA κ , and it is clear that no objects of CAMA κ ′ are isomorphic to G(M ). Hence, by Theorem 7.5, no objects of MRKF κ ′ are isomorphic to M . ❏
